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partonic center-of-mass energy is parameterically much larger than the mass of the top quark. We
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invariant mass distributions are significant, bringing theory predictions into better agreement with
experimental data compared to pure NLO calculations.
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1. Introduction
Detailed studies of top-quark properties are interesting for a number of reasons (see [1] for a
recent review). Many of these are related to the large value of the top-quark mass, mt ≈ 173 GeV.
For these reasons, top-quark pair production is a benchmark process at hadron colliders such as
the LHC, and much work has gone into precision Standard Model calculations to match the ever-
growing accuracy of experimental measurements.
Differential pair-production cross sections are largest in the region of phase space character-
ized by sˆ & 4m2t , with sˆ the partonic center-of-mass energy squared. In such regions of phase
space QCD corrections can be calculated straightforwardly as a fixed-order expansion in the strong
coupling constant αs. Such fixed-order calculations have now been carried out to high precision:
results at next-to-next-to-leading order (NNLO) for differential top-pair production cross sections
were presented at this conference and published recently in [2]. This tremendously impressive
calculation will form the baseline description of top-pair production cross sections in perturba-
tive QCD for years to come, and adds to previous results for the total cross section [3] and the
forward-backward asymmetry at the Tevatron [4].
While measurements of the total cross section and differential distributions near their peaks are
interesting, the collider center-of-mass energies at LHC Run-I (7,8 TeV) and Run-II (13 TeV) are
sufficient to explore a qualitatively different region of phase space, where the top quarks are pro-
duced with energies much larger than their mass. From a theoretical perspective, such “boosted”
top-quark production is quantified by the condition that top-pairs are produced in partonic colli-
sions where sˆ m2t . This regime is especially interesting phenomenologically, as it is sensitive
to the possible new physics scale beyond the electroweak scale of the Standard Model. However,
application of fixed-order perturbation theory in the boosted regime is problematic due to the ap-
pearance of potentially large corrections from soft and small-mass logarithms.
The purpose of this talk is to present a resummation formalism tailored for QCD calculations
of differential cross sections in the boosted regime, and to briefly explore its implications on phe-
nomenology. The results presented are taken from a detailed phenomenological analysis which is
in progress [5]. The underlying theoretical basis for these results was set up in [6, 7], and some
higher-order perturbative results allowing precision applications were derived in [8, 9].
2. Mellin-space resummation for (boosted) top production
In this section we present the resummation formalisms for both the soft limit and the boosted
soft limit. QCD factorization allows one to write the differential cross section with respect to the
top-pair invariant mass M and the scattering angle as
d2σ(τ)
dMd cosθ
=
8piβt
3sM ∑i j
∫ 1
τ
dz
z
Li j(τ/z,µ f )Ci j(z,M,mt ,cosθ ,µ f ) , (2.1)
where z = M2/sˆ, τ = M2/s, βt =
√
1−4m2t /M2, and s is the hadronic center-of-mass energy
squared. The perturbatively calculable hard-scattering kernels Ci j are related to the partonic cross
sections, with i j denoting the partons in the initial state. The parton luminosities Li j are non-
perturbative functions defined as the convolution of parton distribution functions (PDFs).
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We shall consider the following two kinematic limits of the hard-scattering kernels:
soft limit: sˆ, t1,m2t  sˆ(1− z)2 , (2.2)
boosted soft limit: sˆ, t1 m2t  sˆ(1− z)2 m2t (1− z)2 (2.3)
In each of these cases the perturbative expansions of the hard-scattering kernels contain large loga-
rithms of scale ratios at each order in perturbation theory. In particular, the presence of a soft scale√
sˆ(1− z) introduces into the hard-scattering kernel singular plus distributions of the form
Pn(z) =
[
lnn(1− z)
1− z
]
+
, (2.4)
and the presence of a collinear scale mt in the boosted limit leads to large logarithms of the form
lnn(m2t /sˆ). In the next two subsections, we discuss formalisms to resum these logarithms to all
orders in perturbation theory.
For the discussion of resummation that follows, it is convenient to study the cross section in
Mellin space. We define the Mellin transform and its inverse by
f˜ (N) =M [ f ](N) =
∫ 1
0
dxxN−1 f (x) , f (x) =M−1[ f˜ ](x) =
1
2pii
∫ c+i∞
c−i∞
dN x−N f˜ (N), (2.5)
where the integration contour in the inverse transform is chosen such that it lies to the right of all
singularities in the function f˜ (N). Convolutions such as the differential cross section in Eq. (2.1)
become simple products in Mellin space. Indeed, the Mellin transform of Eq. (2.1) with respect to
τ reads
d2σ˜(N)
dMd cosθ
=
8piβt
3sM ∑i j
L˜i j(N,µ f ) c˜i j(N,M,mt ,cosθ ,µ f ) . (2.6)
The limit z→ 1 corresponds to N→∞ in Mellin space, with plus distributions related to logarithms
of N¯ ≡ NeγE . In Mellin space, the soft and boosted soft limits in Eq. (2.2) and (2.3) are
Mellin-space soft limit: sˆ, t1,m2t 
sˆ
N2
, (2.7)
Mellin-space boosted soft limit: sˆ, t1 m2t 
sˆ
N2
 m
2
t
N2
. (2.8)
We finally note that while Eq. (2.1) is written for the differential cross section with respect
to the top-pair invariant mass M, in the soft limit one can easily perform a change of variable to
obtain differential cross section with respect to the top quark transverse momentum pT . Of course
contributions away from the soft limit are different in the two cases, but we can take them into
account at fixed-order through a matching procedure to be discussed later.
2.1 The soft limit
In the soft limit, the resummed hard-scattering kernel can be written as
c˜i j(N,M,mt ,cosθ ,µ f ) = Tr
[
U˜
m
i j(µ f ,µh,µs)H
m
i j(M,mt ,cosθ ,µh)U˜
m†
i j (µ f ,µh,µs)
3
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× s˜mi j
(
ln
M2
N¯2µ2s
,M,mt ,cosθ ,µs
)]
+O
(
1
N
)
. (2.9)
The formula consists of two main elements. Firstly, the hard functions Hmi j and the soft functions s˜
m
i j
are matching functions which contain contributions from the two widely separated scales in (2.7).
Secondly, the evolution factors U˜
m
i j arise from solving the renormalization group (RG) equations
of the hard and soft functions, and can be written as path-ordered exponentials of the anomalous
dimensions governing their evolution. For details about these functions, we refer the readers to [10].
The philosophy of RG-improved perturbation theory is to choose the hard and soft scales
around their natural values µh ∼M and µs ∼M/N¯, such that large logarithms are absent from the
hard and soft functions. These large logarithms are exponentiated into the RG evolution factors,
and the resummation of them is thus achieved. The logarithmic orders are counted by treating the
large logarithms such as ln(µh/µs) as O(1/αs). For next-to-next-to-leading logarithmic (NNLL)
accuracy, we need the hard and soft functions to 1-loop, the various anomalous dimensions to
2-loop, and the 3-loop cusp anomalous dimension, which were calculated or collected in [10].
2.2 The boosted soft limit
The boosted soft limit (2.3) can be regarded as the mt → 0 limit of the soft limit. Taking
mt → 0 in the resummation formula (2.9), one sees that both the hard and soft functions develop
collinear logarithms of the form lnn(mt/M). It is possible to show that the hard and soft functions
can be further factorized in this limit as
Hmi j(M,mt ,cosθ ,µ f ) = H i j(M,cosθ ,µ f )C
2
D(mt ,µ f )+O
(mt
M
)
, (2.10)
s˜mi j
(
ln
M2
N¯2µ2f
,M,mt ,cosθ ,µ f
)
= s˜i j
(
ln
M2
N¯2µ2f
,M,cosθ ,µ f
)
s˜2D
(
ln
mt
N¯µ f
,µ f
)
+O
(mt
M
)
.
(2.11)
In the above formulas, the hard functions H i j and soft functions s˜i j without the superscript m are
independent of the top quark mass mt . They were calculated to NNLO in [8] and [9], respectively.
All the mt-dependence is now factorized into the two functions CD and s˜D, which are related to
the perturbative heavy-quark fragmentation function, and were extracted at NNLO in [6]. Again
solving RG equations for the component functions, the result for the resummed hard scattering
kernel in the boosted soft limit is1
c˜i j(N,M,mt ,cosθ ,µ f ) = Tr
[
U˜ i j(µ f ,µh,µs)H i j(M,cosθ ,µh)U˜
†
i j(µ f ,µh,µs)
× s˜i j
(
ln
M2
N¯2µ2s
,M,cosθ ,µs
)]
U˜2D(µ f ,µdh,µds)C
2
D(mt ,µdh) s˜
2
D
(
ln
mt
N¯µds
,µds
)
+O
(
1
N
)
+O
(mt
M
)
. (2.12)
1In the presence of heavy-quark loops the factorization of the partonic cross sections is more involved, therefore,
we add such contributions onto the resummation formula (2.12) using fixed-order perturbation theory.
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The evolution factors U˜ i j and U˜D resum large logarithms when the matching scales are chosen to
be near their canonical values: µh ∼ M, µs ∼ M/N¯, µdh ∼ mt , µds ∼ mt/N¯. This resummation
can be performed at NNLL accuracy as in the soft case discussed earlier. However, since the
component functions in the boosted soft limit are known to NNLO in perturbation theory, we can
also incorporate them into the resummation formula. We follow common nomenclature and refer to
this accuracy as NNLL′, where the ′ emphasizes that the matching functions are known to one order
higher than needed in a pure NNLL calculation (such as that in the soft limit described above).
3. Matching across kinematic limits
The resummations derived above are based on factorization formulas applicable in the soft
or boosted soft limit. These factorization formulas are only valid up to leading order in their
relevant expansion parameters, so every time a resummation is performed some information on
subleading corrections is thrown away. However, these subleading corrections can be taken into
account through a matching procedure. In our case, the optimal combination of the resummed
formulas in the boosted soft and soft limit can be combined with fixed-order calculations according
to
dσNLO+NNLL
′
= dσNNLL
′b
+
(
dσNNLL
m− dσNNLLb
∣∣∣µds=µs
µdh=µh
)
+
(
dσNLO− dσNNLLm
∣∣∣µs=µ f
µh=µ f
)
.
(3.1)
The logarithmic counting has been defined above, and the superscripts b and m refer to results valid
in the boosted soft and soft limits respectively. The first term in the above equation is the NNLL′
resummation formula in the boosted soft limit. The difference of terms in the first bracket takes into
account corrections from NNLL resummation in the soft limit which vanish in the limit mt→ 0 and
are therefore not contained in the first term. Finally, the difference of terms in the second bracket
takes into account corrections from fixed-order perturbation theory which are subleading in the
z→ 1 limit and thus accounted for by neither of the first two terms. It is straightforward to extend
the above procedure to incorporate the recent NNLO calculations in [2]; however, we prefer to do
this only once predictions with the dynamical scale choices used in our numerical calculations in
the next section (i.e. not µ f = mt) are available.
4. Phenomenology
We now provide numerical results derived from the resummation formulas described above.
These results are obtained by first evaluating the Mellin transformed cross section (2.6) at a given
point in phase space, and then performing the inverse Mellin transform numerically using the Min-
imal Prescription [11]. This procedure requires an efficient construction of Mellin-transformed
parton luminosities: for this we use methods described in [12, 13].
In all our numerics we choose mt = 173.2 GeV and use MSTW2008NNLO PDFs [14]. The
default matching scales are fixed at their canonical values listed above. The factorization scale is
correlated with the observables under consideration: for the invariant mass distribution its default
value is µ f = M, while for the transverse momentum distribution it is set equal to the transverse
5
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Figure 1: Numerical results as explained in the text. Note that while the bottom panels of (a)-(c) display
ratios of predictions, that in (d) displays relative uncertainties.
mass µ f = mT ≡
√
p2T +m
2
t . The scale uncertainties are estimated by varying all scales inde-
pendently by factors of two around their default values and combining the resulting variations in
quadrature. The results of our analysis are shown in Figure 1.
In Figure 1 (a), we show our NLO+NNLL′ prediction for the top-quark transverse momentum
distribution in the relatively low energy (unboosted) region, compared with a recent experimental
measurement in the lepton+jet channel by the CMS collaboration [15] and also the NNLO results
from [2].2 One sees that the NLO+NNLL′ prediction agrees very well with the data, producing a
slightly softer distribution at higher-pT than the NNLO calculation.
In Figure 1 (b), we present the top-quark transverse momentum distribution in the high-pT
(boosted) region, where both the soft and the small-mass logarithms resummed through our formal-
ism are expected to be relevant. We compare our results with a recent experimental measurement
2We note that [2] uses fixed scales with default values µr = µ f = mt , and has chosen a slightly different top quark
mass mt = 173.3 GeV.
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by the ATLAS collaboration [16] carried out by using fat-jet techniques especially designed for
boosted kinematics. We find that our prediction agrees well with the data, although the experimen-
tal uncertainties are rather large.
In Figure 1 (c), we compare the top-pair invariant mass distribution with measurements from
the ATLAS collaboration [16]. The two are in good agreement, although especially in the highest
invariant-mass bin the experimental uncertainties are significant.
Finally, in Figure 1 (d), we display results reaching up to very high top-pair invariant mass.
The results show significant resummation effects compared to NLO (where µ f = M by default),
although as seen in the bottom panel of that plot the relative uncertainties are roughly equal.
Run-II of the LHC will produce much more data in the boosted regime, which will allow for
higher-precision comparisons of predictions and data for differential distributions. It will also be
interesting to compare (and above all, match) with the NNLO results once they are available in the
high-pT region with dynamical scale settings.
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